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THE AVERAGE NUMBER OF INTEGRAL POINTS IN ORBITS 


WADE HINDES 

Dedicated to Joseph H. Silverman on the occasion of his 60th birthday. 


II 

Abstract. Over a number field K, a celebrated result of Silverman states that if f e K{x) is a 
rational function whose second iterate is not a polynomial, the set of 5'-integral points in the orbit 
is finite for all b e P^(Ar). In this paper, we show that if we vary f and b in 
a suitable family, the number of S'-integral points of 0^{b) is absolutely bounded. In particular, if 
we fix (/) G K{x) and vary the base point b G ¥^{K), we show that ^{0^{b) n Ok,s) is zero on 
average. Einally, we prove a zero-average result in general, assuming a standard height uniformity 
conjecture in arithmetic geometry, and prove it unconditionally over global function fields. 

Introduction 

Let K/Q be a number field, let 5 be a finite set of places (including all of the archimedean ones), 
and let 99” denote the iterate of 99. If 99^ is not a polynomial, Silverman proved in Il 2 ^ that the 
forward orbit 

(1) O^ih) := {6, 99(6), 992(5)^...} 

contains only finitely many S'-integral points for all b e Moreover, Hsia and Silverman 

[|8l gave an explicit bound on the number of S'-integral points in 0 ^{h), though it is normally 
much larger than the actual number. Nevertheless, there are rational maps (of every degree) with 
arbitrarily many integral points, illustrating the problem’s subtlety [l 24 l Prop. 3 . 46 ]. 

On the other hand, one may hope to control if{ 0 ^{b) n Ok,s) on average, that is, as we vary 
over b e P^(iL). This point of view has yielded some powerful insight in other areas of number 
theory [[Ill2l[l2ll, and we proceed with this approach here. 

We begin by fixing some notation. A rational map 99 : of degree d is given by two 

homogenous polynomials 

9 ) = [F, G] = [adX^ + ad-iX^-^Y + ■■■ + b^X^ + b^-iX^-^Y + • ■ ■ + boY^] 

such that the resultant Res(F, G) 7^ 0 . In this way, a rational map is determined by a { 2 d + 2 )-tuple 
of numbers (oq, oi,..., a^, 60, ^1, • • • well-defined up to scaling. In particular, we may identify 
the set of rational maps of degree d, denoted Rat^, as an open subset of p 2 «*+i; see lIMl § 4 . 3 ]. 
Similarly, we define the height of 99, written h{ip), to be its corresponding height in projective 
space [| 2 ^ § 3 . 1 ]. 

In this paper, we consider integral points in families (j) : X ^ Rat^ of dynamical systems, where 
X/K is a projective variety and 0 is a rational map defined over K. Specifically, if X is equipped 
with a morphism /) : X ^ P^, then we study {0^p{l3p) n Ok,s), given by evaluating 0 and fd at 
suitable points P e X{K). 
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To make this explicit, we define the following subset of X: 

(2) Ix,4, := {P ^ X I (pp E Ratd is defined, and ^ 

When X is a curve, we prove that the quantity jp{0(j,p {j3p) n Ok,s) is uniformly bounded over all 
points P e Ix,^{K) and all morphisms /3 : X ^ of sufficiently high degree. In particular, given 
the relative freedom we have in choosing the basepoint family /?, we have made progress towards 
a dynamical analog BMl Conjecture 3.47] of a conjecture of Lang |[T4l page 140] regarding the 
number of integral points on elliptic curves. 

Theorem 1.1. Let 0 : X ^ Rat^ c p2'i+i p : X be rational maps over K. If 

2(7 — 1 

(3) deg(/7) > ^ • deg{(j)*H), 

for the hyperplane class H e Pic(P^'^'''^), then ^ {O^p {(3p) n Ok,s) Is uniformly bounded over all 
points P E IxAK)- 


Now to define a suitable notion of average. Given an ample height function hx on X and a 
positive real number B, we write /x, 0 (X, B) for the set of points in X [K) n Jx ,0 of height at most 
B. Moreover, since we pay particular attention to the case when X is a curve, we take hx to be 
the height function associated to /7 : X — » P^. 

Finally, we define the average number of S-integral points in orbits in the family (X, /7) to be 


(4) 




lim sup 

>00 


Ok,s) 

iPIxAB.K) 


and we show that Avg((^, (3,S) = d for several one-dimensional families (X, (3), including the 

motivating case of constant families: 0 : X —> Rat^ and fp = 93 for all P e X. 


Theorem 1.2. Let ip e K{x) be such that deg((/ 3 ) ^ 2 and pf ^ K[x]. If X is a curve of genus 
g ^ 1 and /7 : X —> P^ R non-constant, then the set 

{P E X{K) I {OAM n Ok,s) a 0} 


is finite. Moreover, if X is a curve with infinitely many K-rational points (necessarily g ^1), then 


(5) 


Avg((/ 3 ,/3, 


lim sup 

B^oo 


YjPeIx,AB,K) H^iP'T’Ap) ^K,s) 

fiIxAB,K) 


0 . 


For examples of non-constant, one-parameter families (X, </>, /7) satisfying AvgA, fi, S) = 0, 
see Theorem 12.1[ Furthermore, we prove in Theorem 13. II that AvgA, (3, S) = 0 for all curves X, 
assuming a standard height uniformity conjecture in arithmetic geometry; this result may be viewed 
as a strengthened, average Dynamical-Lang Conjecture ll^ Conjecture 3.47]. Moreover, we out¬ 
line a generalization to varieties of arbitrary dimension, including an explicit 3-dimensional family 
in Theorem |3.2[ Finally, when K/¥q{t) is global function field, we prove that Avg(^, (3, S) = d 
for families : X ^ Rat^ acting periodically at infinity; see Theorem 14. II 


Integral points in orbits in families 

Throughout this section, let X be curve and let X be a number field. Before we state and prove 
our averaging results, we use some properties of height functions on X to prove that the quantity 
#((^ 0 p il3p) n Ok,s) is bounded for all morphisms /7 : X ^ P^ of sufficiently high degree (restated 
from the introduction). In particular, it follows that Ayg{(j), (3, S) is bounded. 











THE AVERAGE NUMBER OF INTEGRAL POINTS IN ORBITS 


3 


Theorem 1.1. Let (j) : X Rat^ c p2'i+i /3 : X ^ be rational maps over K. If 

2d—l 

(3) deg(/?) > ^ • deg(0*//), 

for the hyperplane class H e then # {O^p {(5p) n Ok,s) is uniformly bounded over all 

points P e Ix,<i>{K). 

Moreover, in the ease X = we ean make Theorem 11.11 eompletelv explieit. 

Corollary 2.1. For functions ai,bj, (I e K{f), define a rational map 0 : —» Rat^ corresponding 

to the family 

adifyx^^ + ad_i{f)x^~^ + ... apit) 

* ^ ■ bd{f)x^ + bd-i{t)x<^-^ + ... 6o(^) ' 

If (ff ^ K(t)[x], when we view f as an element of K{t)[x), and 

4r/^ + 2d —2 

deg(/3) > --max{deg(ai),deg(6j)}, 

then fi^(^0(j)p{/3p) n Ok,s) Is uniformly bounded over all P e Jpi and If>i^^{K) is infinite. 

To prove Theorem ll.il we need several elementary height estimates; for a niee introduetion to 
heights and eanonieal heights in arithmetie geometry, see E Part B] and lf24l Chapter 3]. 

Proposition 2.1. Let p \ ^ be a rational map of degree d ^ 2 defined over K. There is a 

constant Cd, depending only on d, such that the following estimates hold for all P e P^(R^). 

(1) \h{p{P)) — dh{P)\ < (2d — 1) ■ h(p) + Cd- 

(2) \h^{P) - h{P)\ ^ {2d - l)/{d - 1) • h{p) + Cd/{d - 1). 

(3) h^{p{P)) = dh^{P) 

(4) P E PrePer((/?) if and only ifh^(P) = 0. 

Proof See, for example, E §§B.2,B.4] or §3.4 and Exereise 3.8]. □ 

(Proof of Theorem U.l^ . As the bound in [[8l Corollary 17] suggests, we must give a lower bound 
on the quantity h^p(fip) as we range over suitable points P e Ixp(K). However, part (2) of 
Proposition 12. II implies that 

(6) h^pifip) > hpi{f3p) - (2d - l)/(d - 1) • hp2d+i((j)p) - Cd/(d - 1) 

for all P E Ixp(K). On the other hand, let Hi and H 2 be hyperplane elasses in Pic(P^) and 
Pic(p 2 d+i) respeetively. Then hf>i^Hi(Qi) = ^pi(Qi) + 0(1) for all points Qi e F^(K), and 
hp 2 d+i pfiQ 2 ) = hp 2 d+i(Q 2 ) + 0(1) for all Q 2 e see [l23l Theorem 10.1(a)]. 

Similarly, if we extend /? : X ^ P^ and f : X ^ p 2 d+i morphisms [1251 II.2 Prop 2.1], 
the funetoriality of heights ll^ Theorem 10.1(d)] implies that hxp*Hi(P) = ^pi,Hi(/dp) + 0(1) 
and hx,(f,*H 2 {P) = hp 2 d+i pfi(j)p) + 0(1) for all P e X(K). In partieular, after eombining these 
observations with ®, we deduee that there exists an absolute eonstant C(d) > 0, depending on d, 
sueh that 


(7) 


hcf,p(fip) ^ hxp*Hi(P) — (2d — l)/(d — 1) • hx,(i,*H2{P) ^ C(d) 
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for all P e Ix^^{K). However, [|^ Theorem III. 10.2] implies that 
( 8 ) 


Urn for all PE X(/?). 


(P)^co hx,f}*HiiP) deg{/3*Hi) 

Henee, for all e > 0, there exists 5 = 5(e) sueh that 

I 25-1 deg{(j)*H2) 2d - 1 \ ^ 

;r*,(/3p) ^{1- 

for all P e Ix,<f,{K) satisfying hx,i 3 *Hi{P) ^ 5. Therefore, if we fix an e in the range 

(9) 0 < e < (5- l)/(25- 1) - deg(0=^i52)/deg(/3=^//i), 
possible by assumption on deg(/5) = deg(/9*i5i), then there exists A(e) > 0 sueh that 

(10) \KAM>K^)-hx, 0 *H,iP)-C{d), for all P e Ix,^{K). 


In particular, for e as on (lH), if F e Ix, 4 ,{K) and hx,p*Hi{P) ^ max {5(e), then the right 

hand side of (fTOl) and hpp{(3p) are positive. From this point forward, we assume these conditions 
hold. 

We now estimate the number of S'-integral points. Specifically, |l8l Corollary 17] implies that 
there is a constant 7 = 7 ( 5 , [iT : Q]) such that 


#(0«,(/3p) n Ok.s) < 4#® . 7 + log+ ( 


/ hp2d+l ( 0 p) 


( 11 ) 

h<pp{fdp) 

On the other hand, we see that ([8]) and the fact that hx,(j,*H 2 {P) = hp 2 d+i{(j)p) + 0(1) imply 

(12) /ip2d+i(0p) ^ (^ (ieg(^*i7^) 

whenever hx,p*H i (P) > 5(e). Therefore, (fTOl) and (fT^ yield the following statement: 


hx,p*Hi{P) ^ max 


7 C{d) { . ,. 5p2dP4(0p) ^ + e) ■ hx,p^HAP) + C{d) 

5(e), > implies ^ 


A(e) j 


hpp{l3t 


Xie)-hx,p*HAP)-Cid) 


However, as a real valued function, any linear fractional transformation p{x) = is bounded 


cx-\-d 

away from its poles. Hence, if we view hx,p^Hi (P) as the variable x, we see that (fTH) implies 
that there exists a constant such that jj^iO^p {M n Ok,s) < for all P e Ix{K) 

satisfying hx,p*HiiP) ^ max {5(e), 7 !^}. However, since l3*Hi is an ample divisor on X, the 
set of points 

(13) Ex,pAK) := |P e IxA^) ^ X{K) hx^p^nAP) < max {5(e), | 


is finite; see [|23] Theorem 10.3]. Moreover, for each of the finitely many exceptional points 
P e Ex,p,eiX), the quantity i^{Opp{Ap) n Ok,s) is still finite - for wandering points apply (fTTI) 
and for preperiodic points the entire orbit is finite. Hence, 


(14) 


max ^(OppAp) n Ok,s) < 00 ; 


together with the previous case, this completes the proof ofTheorem ll.il 


□ 
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Of course, one expeets that the aetual number of iS-integral points in a partieular orbit is zero, 
provided that X has suffieiently many itT-rational points. We prove this first in ease of eonstant 
families over eurves of genus at most one, restated from the introduetion. 


Theorem 1.2. Let e K{x) be such that deg((/?) ^ 2 and ^ K\x\. If X is a curve of genus 
g ^ 1 and fi X is non-constant, then the set 

{P e X{K) I (0^(/5p) n Ok,s) ^ 0} 


is finite. Moreover, if X is a curve with infinitely many K-rational points (necessarily g ^1), then 


(5) 


Avg(v9,/3,5) 


lim sup 

B-i-aD 


^K,s) 

filxAB^K) 


0 . 


Note that Ix, 4 > = X in this ease. Before we begin the proof of Theorem 1 1.2[ we need a different 
sort of bound on the number of integral points in orbits than that given in [[8l Corollary 17]; 


Lemma 2.1. There exists an N(ip, S) > 0 such that A (a) e Ok,s implies n ^ N((p, S) for all 
(f-wandering points a e P^(itr). 

(Proof of Lemma \2J\l Suppose that A{a) e Ok,s and that n ^ 4. Sinee, pf ^ K\x\, it follows 
from the Riemann-Hurwitz formula that ^ 3; see [|2^ Proposition 3.44]. In partieular, 

the set of S'-integral preimages 

(15) S) := [h e P'(K) | p\h) g Ok,s] 

is finite; see |l24l Theorem 3.36]. Note that A(ip'^~*(a)) = p^{a) e Ok,s and e 74 ( 99 , S). 

Henee, h(p'^~^(a)) is bounded independently of both a and n. So together with part (2) and (3) of 
Proposition 12.1[ we see that deg( 99 )”“"^ ■ h^{a) = is bounded. Moreover, 

(16) := inf{/i<^(c) | c e ¥^{K) wandering for 99 } 

is strietly positive. To see this, ehoose an arbitrary wandering point Cq s K for 99 (possible, for 
instanee, by Northeott’s Theorem [l24l Theorem. 3.12]), and note that 

If^'x = inf{/iy,(c) I c e ¥^{K) and 0 < A{c) < A{co)}. 

However, this latter set is finite and eonsists of strietly positive numbers; henee > 0. Putting 
this together with the faet that deg( 99 )"“'^ ■ < deg( 99 )’^“"^ ■ h^{a) is bounded by the height of 

points in S), we see that n is bounded independently of a as desired. □ 

(Proof of Theorem \1.2\i . Sinee PrePer( 99 , itT) is finite Il24l Theorem. 3.12] and /3 : X ^ PMs 
non-eonstant, it follows that 

(17) AP/-(X) := {P G X{K) I fip G PrePer( 99 , K)} 

is finite. In partieular, for both statements of Theorem 1 1.21 it suffiees to assume that P e X (K) is 
sueh that fip is a wandering point of 99 . In light of Lemma 12.11 we define the set 

(18) Tn{pA,S) ■■= {P e X{K) I p^ifip) G Ok,s}. 

Suppose that X has genus 5 ^ ^ 1. In this ease, it follows from a theorem of Siegel that Tn{p, fi, S) 
is finite for all n ^ 0; see, for instanee, ll^ Corollary IX 4.3.1]. Moreover, Lemma [2Tl implies 
that T„( 99 , (3,8) = 0 for all n > N(p, S). Henee, 

{P G X{K) I {0^{/3p) n Ok,s) ^ 0 } 


is finite as elaimed. 
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On the other hand, when X is a rational eurve {g = 0), we may assume that X = In this 
ease, (3, S) ean be infinite; see Remark [20] below. However, we will show that T„((^, (3, S) 
is sparse in P^(itr). With this in mind, for any subset T c define the upper density 8 k{T) 

of T to be the quantity 


(19) 


5k{T) := limsup 




ZjjPeT I gpi(P)gB} ^ 
4PeX{K) \ 


Note that sinee X, 


PrePer / 


( 20 ) 


^ p {K) on (fT71) is finite. Lemma [ZTl implies that 

Avg((y9,/),S') ^ N{ip,S) 


N{‘P,S) _ 

2 5k{T^{lp,(3,S)) 


n=l 


In partieular, it suffiees to prove that SxiTni^p, (3, S)) = 0 for all 1 < n < N{(p,S). Letting 
f = o (3, this follows from the following erueial lemma. 

Lemma 2.2. Let f : be non-constant rational function, and let 

T{f,S) ■.= {beF\K)\f{b)eOK.s}. 

Then SK{T{f, S)) = 0 for all S. 

To do this, first note that T(/, S) ^ T(/, S') whenever S c S'. Therefore, we may enlarge S 
and assume that Ok,s is a UFD and eontains all of /’s eoeffieients. 

We prove Lemma [2!2] in eases. Suppose first that / is a polynomial. Again, by enlarging S, 
we may assume that the leading eoeffieient of / is an 5'-unit. Then f{b) e Ok,s implies that b is 
integral over Ok,s^ whieh is integrally elosed. We deduee that ^KiT{f,S)) < SKiOK,s) = 0 in 
the polynomial ease. 

Now suppose that / has a denominator and apply the proof of |l24l Theorem 3.36]. In partieular, 
write / in terms of eoordinates on P^: 

/ = [F{x,y),G{x,y)], 

where F,G s OK,s[x,y] are homogenous, eoprime polynomials of degree d = deg(/) ^ 1. 
Suppose that a e T(f, S) and that a = ajb where a,b s Ok,s- Then G{a, b) divides F(a, b) in 
Ok,s^ whieh makes sense, sinee Ok,s is a UFD. 

Now, if R is the resultant of F and G, then ll24l Proposition 2.13] implies that there are homo¬ 
geneous polynomials pi,qi,p 2 ,q 2 ^ Ok,s\x, y) sueh that 

Pi{x,y) ■ F{x,y) + qi{x,y) ■ G{x,y) = R ■ x'^ 

P 2 {x, y) ■ F{x, y) + q 2 {x, y) ■ G{x, y) = R-y . 

Substituting (x, y) = (a, b), we see that G(a, b) must divide R. Henee, 

(22) r(/, 5) C y {(a, 6) G Ok,s X Ok,s \ G{a, b)=r]. 

r\R 

However, eaeh of the finitely many equations G(x, y) = r out out an affine variety (possibly 
reduoible) in Let V (/, S, B) be the number of points on the right hand side of (l22l) of height 
at most B. It follows from §13.1] that U(/, S', B) = In faot, if eaeh G{x, y) = r 

is oomprised of eomponents of degree at least two, then V (/, S', B) = . iog(iJ)')'j for 

some 7 < 1; see BTl §13.1 Theorem 2]. 
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On the other hand, there is a eonstant k such that the number of points in P^(i^) of height at 
most B is asymptotic to k ■ this is a special case of a theorem of Schanuel [[T9ll . In any 

case, the density 5i^(T(/, S)) = 0 as claimed. □ 

Remark 2.1. When = 0, it is possible that (5, S) is infinite, even if one assumes ^ K\x\. 
For example, let F{x) e Z[x] be any polynomial of degree 2d, let D > 1 be any square-free 
integer, and let 

( 23 ) <P(x) = 

If (u, v) e is a solution to the Pell equation — Dv‘^ = 1, then (p{u/v) = ■ F{u/v) e Z. 

Moreover, there are infinitely many such solutions. Setting j3{t) = t, we see that Tn{(p, S) is 
infinite. However, the set of rational numbers u/v satisfying — Dv^ = 1 are sparse in P^(Q). 

We would like to extend Theorem 11.21 to non-constant families of rational maps. To do this, 
note that if {X, 0, /3) is a family as in Theorem ll.il then the average number of S'-integral points 
in Cl 0 p(/ 3 p) is bounded. In particular, such families are a good place to test generalizations of 
Theorem 1 1.21 In order to distill the additional properties needed, we study the following family: 

Theorem 2.1. Let 0 : ^ Rata be the family of rational functions given by 

(24) (t>t{x)\= ^3 ^ , /ora// t e P^(Q) \ {-l,oo}. 

If jS e Q(t) satisfies deg(/3) ^ 3, then Avg(0, j3, Z) = 0. 


Proof First, we compute the second iterate 

ft{x) —tx^ + x'^ — -t- 2x^ — 5tx^ + X — 2t 


(25) 


X : = 


9t{.x) 


X 


^ + 3x® -I- 4x^ — 3/x^ -I- 3Fx — F + 1 


and the resultant Res^ift, Qt) = (/+ 1)^^ • {f^ — and deduce that if / ^ — 1, then ^ Q[x]. 

Hence, /pi, 0 (Q) = P^(Q) \ {—1, oo}; see dH). From here, we show the existence of N{(j), /3), a 
uniform largest iterate producing an integer point; compare to Lemma |2T] above. 

Write t = a/b for some coprime a, b e Z and suppose that /”(/9t) = ftift ^(A)) ^ Oii the 
other hand, if we write /t([x, y]) = \bxy‘^ — ay^, b{x^ + i/^)] in terms of coordinates on P^, then 
the proof of [|24l Thoerem 3.36] (which applies since / A 1) implies that 

|-eQ /t(^-)ez|c y {x,y E Z\ x^ + y^ = r}. 
y J r|(a3+fe3) 

Note that |r| < 2H{tY, and combined with Lemma [23] below, we see that 

' x' 


(26) 


H{x/y) < 2'v/2 ■ whenever ft 


y 


e Z. 


In particular, < 3/2 ■ h{t) + log(2'v/2). Moreover, parts (2) and (3) of Proposition 12.1! 

imply that 


yn—1 


(27) 


+ 5/2 • h{ft) + C 3/2 

< 3/2 • h{f) + log(2V2) -f 5/2 • h{ft) + c^/2 
On the other hand, h^ft) = h{\l, —t, 1,1]) = h{t), so that (l27]) implies that 

3"“^ • ^ 4 • h{t) log(2V2) -F C 3 / 2 . 
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Finally, parts (1) and (2) of Proposition [23] give the lower bound 

(28) (deg(/3) - 5/2) ■ hit)-B^- C 3/2 < (A) • 

However, deg(/3) ^ 3 > 5/2 by assumption, and we deduee that 

on-l < 4 ■ hjt) + log(2V2) + C 3/2 

^ (deg(/3) - 5/2) • hit) - Bi - C 3 / 2 ’ 

for all but finitely many t e Q. Henee, (//(A) ^ ^ implies that n is bounded for such t. On the 
other hand, since iO^^ (A) is finite for all f 7 ^ — 1 , the quantity max{?7, | (/)/(A) e Z, t e T} is 
bounded for any finite subset T c Q \ {—1}. We conclude that there is an integer Nicj), (3), such 
that 0/(A) ^ ^ implies n < A^(0, (3) for all f 7 ^ —1; compare to Lemma IXTl 

As in the proof of Theorem ll.2l the density estimate in Lemma|2.2|implies iTicf/^o ftZ)) -0 

for all n < A^(^, /?). It follows that Avg(0, /3, Z) = 0 as claimed. □ 

Lemma 2.3. Suppose that = B, for some integers x,y, B e Z with B ^ 0. Then 

(29) max{|x|, Al} < 2v^. 

(Proof of Lemma [Ol) . We factor x^ + y^ in Q[x, y], and write 

B = x^ + y^ = ix + y)- ix‘^ -xy + y^) = ix + y) ■ ^^(x - y)^ + ^(x + y)^^ . 

In particular, we see that 

(30) max js/d ■ (x — y)^, 1/4 ■ (x + 2 /)^| ^ |i?|, 

since \x + y\ ^ 1 and both terms on the left side of (l30l) are positive. On the other hand, it is 
straightforward to verify that 

(31) max ||x|, Al} < max ||x — j/|,|x + y||, 

and we deduce from (l30l) and (l3T]) that max{|x|, All ^ claimed. □ 

Remark 2.2. The argument in Theorem 12.11 applies to any family ftix) = pit, x)/(x^ + 1), where 
p E Z[t, x] and deg 2 ,(p) ^ 3. The key point is that the linear height bound in Lemma [231 remains 
unchanged. We discuss the implications of such height bounds in general in the following section. 


Height uniformity conjectures and averages in families 


We would like to extend Theorem 1 1.21 to non-constant families of rational maps f : X ^ Rat^ 
parametrized by varieties of arbitrary dimension. To do this, we must translate the strategy of the 
proofs of Theorems lL2l and l2.1l to more general language. In particular, our goal (loosely speaking) 
is to show the following property: 


(32) 


{P e IxA^) ■■ [0^,il3p) n Ok,s) A 0 } c X is thin. 


for all sufficiently generic basepoint families (3 : X ^ Ph see [1211 §3.1] for the definition of thin. 
From here, if X has sufficiently many rational points and the proper subvariety (when dim(X) ^ 
2 ) containing (l3^ is small enough, then one expects that Avgif, b, S) = 0. 

The main technique we used to establish (|3^ for families over curves was the existence of a 
uniform largest iterate N if, (3, S) that could produce an S'-integral point; see Lemma 12.11 To 
find such an Nif, (3, S), we used the fact there was a linear lower bound (in terms of a height 
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function on X) on both the canonical height h^p {(3p) and the height of points Q e (itT) satisfying 
0p(Q) e Ok,s'^ see (fTOl) and Lemma [23l 

For curves X and families (X, 0, (3) as in Theorem ll.li the lower bound on the canonical height 
h<f)p{l3p) is not a problem; see (fTOl) in the proof of Theorem ll.li In general, it is predicted by 
a dynamical analog |l24l Conjecture 4.98] of a conjecture of Lang [fT4l page 92] regarding the 
canonical height of a non-torsion point on an elliptic curve. Likewise, the lower bound on the 
height of points Q e F^{K) such that 0p((5) e Ok,s follows from several height-uniformity 
conjectures in arithmetic geometry, including the following: 

Conjecture 3.1. Let C ^ B be a family of positive genus curves equipped with a map f e K{C) 
that is non-constant on fibers. Then there are constants ki and K 2 such that 

(33) hc{Q) ^ Ki ■ hs{P) + N 2 for all {Q e Cp{K) \ fp{Q) e Ok,s}, 

whenever the fiber Cp is smooth; here, he is an arbitrary height function and hp is ample. 

Remark 3.1. For elliptic curves, versions of Conjecture l3.1l were made by Hall and Lang [l25l IV.7]. 
Moreover, Conjecture 13. II is a consequence of the Vojta conjecture |l3ll §3.4.3]; for justification, 
see m Theorem 1.0.1] for the case of elliptic curves and ifT^ or [|^ Conjecture 4] for the case 
of higher genus. Over function fields, linear height bounds such as those on (l3^ have appeared in 
|[l2llia[2Ql[30l. 


Assuming Conjecture 13. II we prove an averaging result analogous to Theorems 11.21 and l2Tl 


Theorem 3.1. Let X/k be a curve of genus g, and suppose that f : X ^ Rat^ c p2fi+i 
: A are rational maps that satisfy 

2d — 1 

deg(/3) > ^ • deg{f*H) 

for the hyperplane class H e Pic(P^'^"^^). Then Conjecture 13. 1 1 implies that the set 

[P ^ I {p^p{(3p) n Ok,s) ^ 0} 


is finite whenever g ^ 1. Moreover, if X is a curve with infinitely many K-rational points, then 
write <^ = f I g for some f,g^ K{X){z\. Ifdeg^g) ^ 1 and the resultantRes{f, g) A 0, then 


(34) 


Avg{((),fi,S) 


lim sup 


'^PeIx,AB,K) H^{P(l>p{l^p) ^ ^K,s) 
i^IxAB.K) 


0 . 


Proof. Since there is no harm in enlarging S, we may assume that the ring Ok,s is a UFD. For P e 
Ix,(j,{K), write 0p = [F{p,4), G(p,4)] for some coprime, homogeneous polynomials F{p,4), G(p_ 4 ) e 
Ok,s[x, y] of degree deg(()))'‘. As in the proof of ll24l Thoerem 3.36], if Q = [a, b] e P^{K) is 
such that (j)p{Q) e Ok,s, then G(p_ 4 )(a, b) divides the resultant R(p, 4 ) := Res(F(p_ 4 ), G(p_ 4 )); here 
we assume that a,b e Ok,s- 

In particular, if we consider the family of curves C ^ A x P^ with fibers C(p_r) : G(P 4 ) {x, y) = r 
and non-constant maps x,y : C(p,,) ^ P^, then it follows from Conjecture 13.11 that there exist 
absolute constants N 2 ,x, 1 ^ 2 ,y > 0 satisfying 

h.pi(x(Q)) ^ Ni_a;-(/ix(T’)+/ipi(R(p^4)))-t-N2,x ^nd hpi{y{Q)) < Ni^j^-(/ix(T’)+/ipi(i?(p^4)))-t-fi:2,y 

here we take the ample height hxxw^ = hx + h\,', see ll^ Example 7.28]. On the other hand, since 
the map P —> i?(p, 4 ) determines a morphism A —> P^ and all heights are dominated by ample 
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heights [fTSl Chap. 4, Prop 5.4], we see that /ipi(i?(p^ 4 )) < ci ■ hx{P) + C 2 for some constants 
Cl, C 2 > 0. Combined with the bounds above, we deduce that 

(35) hpi((5) ^ Ki ■ hx{P) + ^ 2 , 

for some constants ki,k ,2 > 0. Now, if P e Ix,^{K) and 4>%{l3p) e Ok,s for some n ^ 4, then 
0p(0p“'^(/3p)) e Ok,s- Letting Q = 0p“^(/)p), we see that (l3^ and Proposition 12.II parts (1) and 
(2) imply that 

(36) (P-Ph^^{Pp)^K\-hx{P) + K’^. 

Finally, since deg(/3) > • deg(0*if) for the hyperplane class H e Pic(P^'^''‘^), the lower bound 

on (fTOl) and (|3^ imply that 

4 ^ a-hx{P) + h 

'^c-hx{P) + P 

for all but finitely many P e Ix,^{K); here a, c > 0 are positive constants and b, d are additional 
constants. In particular, there exists A^(^, /3, S) such that 0p(/3p) e Ok,s implies n < iV(0, (3, S) 
for all but finitely many P e Ix,,f,{K). As in the proof of Theorem 11.21 when the genus of X is 
positive, the first statement in Theorem [3T] follows from Siegel’s Theorem [[25l Corollary IX 4.3.1] 
applied to the rational maps /„ : X ^ defined by fn{P) = 4 >^Wp) for all 0 < n < N{(f), j3, S). 

On the other hand, suppose that X has infinitely many X-rational points. We may view (f) as an 
element of K{X){z), and write = f/g for some polynomials f,g^ K{X)[z]. By assumption, 
deg 2 ( 5 ') ^ 1 and the resultant ResK{x){f, g) ^ 0; here ResK(x){f, g) is an element of K{X). 
Since, evaluation at P gives a ring homomorphism K{X) iC, it follows from the definition of 
the resultant as a Vandermonde determinant [fT3l IV.§8], that Resxifp, gp) = Resp:(x)(/, g){P)-, 
as elements of K, whenever deg(/) = deg(/p) and deg(g') = deg( 5 fp). Hence, there are only 
finitely many P e X{K) such that Resxifp, gp) = 0. But if P e \ I{x, 4 >){K), then 

deg( 5 fp) < 1 or Resxifp, gp) = 0. Therefore, X{K) and I(^x, 4 >)iK) have the same number of 
points asymptotically. The rest of Theorem 13.11 follows directly from Lemma [ZH □ 

Because of it’s independent interest, we state the following corollary of the proof of Theorem 
13.11 establishing the existence of uniform largest iterate that can produce an S'-integral point. 

Corollary 3.1. Let (X, cj), f3) be as in Theorem \3.1\ Then Coniecture \3.1\ imvlies that 

(37) {tt, I P e Ix,(f,(K), 4gp((3p) e Ok,s^ h^p(/3p) A 0} 
is bounded. 

It is clear that the key fact in our study of integral points in orbits in families 0 : X Rat^ is 
the lower bound on (fTOl) . Unfortunately, such a bound is unlikely to hold in full generality when 
X has dimension at least two, since the set of points P e X (K) such that h^p ((3p) = 0 is large: it 
contains the codimension one subvariety of points satisfying (j)p(f3p) = 13p. 

Remark 3.2. Though canonical heights in higher dimensional dynamical systems are not well un¬ 
derstood, there has been progress made on bounding the average value canonical heights in higher 
dimensional families of elliptic curves; see [f3^l3^ . It would be interesting to know if (or when) 
such techniques generalize, for instance to morphisms of P”. 

On the other hand, if (X, <p, f3) satisfy the degree conditions of Theorem IT 11 a bound such as 
(fTOb likely holds on a nontrivial, proper open subset P c X. Therefore, if we can control the size 
of ^(0^p(/3p) n Ok,s) on the complement of U, we can bound Avg(0, f3, S). We illustrate this 
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idea with the following 3-dimensional example; however, for reasons that will beeome elear in the 
proof, we must restriet ourselves to integer speeializations. 


Theorem 3.2. Let 

(38) 


: X X ^ Rata be the family of rational maps: 

Ob H“ J- 


If (3 \ PO ^ h} ^ PO ^ PO is the map I3{r,s,t) = with minjni, n 2 , n^} ^6, then 


(39) 

is bounded. 


Avg2((^,/3,Z) 


lim sup 

B—>oo 



]s|,|i|sSB 


(25 + 1)3 


A priori, it is not elear that ^ {0(r,s,t)) contains only finitely many integers for all r,s,t s Z; 
for instance, 0(i,s,o) ( 2 ^) = sx is a polynomial, and |l24l Theorem 3.43] does not apply. However, the 
basepoint (3{i,s,o) = 0 is fixed in this case, and so finiteness is not a problem. Before we begin the 
proof of Theorem [ 3 ^ we prove the stronger statement: that ^ {l3{r,s,t)) contains only finitely 
many integers for all rational values of r, s, f e Q, not just integer values as in Theorem l3.2[ 

Lemma 3.1. The orbit ^ {0{r,s,t)) contains only finitely many integers for all r,s,t e Q. 

(Proofof Lemma \3J\) . Note that if f = 0, then fi(r,s,t) = 0 and 0(r,s,i)(O) = 0. In particular, 
{0ir,s,t)) = {0}, and there is nothing left to prove in this case. Therefore, without loss of 
generality, we may assume that t 0. Likewise, if r ■ s = 0, then 4>{r,s,t) is a bounded function on 
the real line. In particular, the set of integers of (/9(r,s,t)) is a finite. 

In the remaining cases, it suffices to show that ^ Q[x]; see |l24l Theorem 3.43]. We 

compute that 

^2 f fir,s,t)ix) + rs‘^)x'^ + {Sr^sH + t)x^ + ■ ■ ■ + {rst^ + st + t) 

9 (r,s,t){^) (r2s2)x8 + (r2s2 + 2rs2 + l)x6 + { 2 rst)x^ + • • • + (5 + 1) ' 

Therefore, if f'frst) ^ QM’ g{r,s,t){x) ■ {ax + b) = f(r,s,t){x) for some a,b s Q. By equating 
the X® coefficient, we see that a := {stY- Moreover, after substituting a := {stY and examining 
the X® coefficient, we see that b = 0. Similarly, since, b = 0 and t P= 0, the x® coefficient implies 
that (rs)3 = —1, and we deduce that (rs) = —1. In particular, the x^ coefficient implies that 
s = — 1. Finally, after substituting s = —1 in the constant term expression, we see that f = 0, a 
contradiction. □ 


(Proof of Theorem U^ . We begin by establishing a lower bound on the canonical height ^ {fi{r,s,t)) 
as on (fTOl) for all r, s, f e Z in an open subset of A := A^ x A^ x A^. In particular, we see that if 
r, s, t e Z are such that r • s ■ f + 0, then 

(40) /i(/5(r,s,i)) =■ f”®) = log (|r”^| • |s”^| • ^ min {nj • logmax {|r|, |s|, |f|}. 

Let U :=c A^ X A^ X A^ be the open subset of points P := {r,s,t) such that r • s • f + 0, and 
define the height function hx{P) = logmax {|r|, |s|, \t\]. Then, (|40]) implies that 

(41) h{/3p) ^ min{nj} • hx{P), for all P e L(Z); 

here (7(Z) denotes the set of points of U with integral coordinates. Note that the bound on (HTI) 
will not hold on U (Q) in general. 
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On the other hand, it is easy to see that 

(42) h{(t)p) := hf7[{r ■ s, 0 ,s,t, 0 , 1 , 0 , 1 ]) < 2 • logmax{|r|, |s|, \t\} = 2 • hx{P), 

for dX\ P e X(Z). In partieular, part (2) of Proposition 12. II and the bounds on (|4TI) and (l42l) yield 

(43) h^p{(5p) ^ ( min {n,} — 5) ■ hx{P) — C, for all P e (/(Z); 

here C is an absolute, positive eonstant. Henee, as in the proofs of all previous theorems, the bound 
in |[ 8 l Corollary 17] implies that #((!7<^p (/3p) n Z) < M(0, (3) is bounded uniformly over all points 
P e U (Z); note that we have used erueially the faet that minjni, n 2 , ^, 3 } ^ 6 . It remains to eontrol 
#((!l 0 p {l3p) n Z) for all P = (r, s, t) sueh that r ■ s • f = 0 on average. We do this in cases. 
Suppose first that t = 0. Then one computes that (p(r,s,o){i^ir,s,o)) = 0(r,s,o)(O) = 0; hence 

(44) # {P(r,s,o)) n Z) = 1, for all r, s e Z. 

On the other hand, if s = 0, then (ai) = t/{x‘^ + l). Therefore, |0(r,o,t)(ai)| ^ \t\ is a bounded 
function on the real line. We deduce that, 

(45) #(C’0(,,o,t)(/5M,i)) n Z) < 2S + 1, when max{|r|, |f|} ^ B. 

Finally, suppose that r = 0. Then (p(o,s,t) (x) = {sx + f)/(x^ + 1) is also a bounded function on the 
real line. Specifically, |0(o,s,t)(a^)| ^ |s| + \t\ follows from elementary calculus. Therefore, 

(46) #(C’<^(o,s,t)(Ao,s,t)) < 4S + 1, when max{|s|, \t\} ^ B. 

We deduce from (l44l) . (l45l) . and (l46l) that 


2|r|,|sl,|t|s;p (Aps.i)) 'ljPeU(Z,B) ^ (^0(o.s.t) ^ 


(25+1)3 


(25 + 1)3 


(25 + 1)3 


+ 




\r\,mB 


(Ap0>i)) I]|rl + |s;P 

(25 + 1)3 + 


#(^0(r,s,o) {P{r,s,0)) 

(25 + 1)3 


^ Zips(7(Z,S) ^(‘?^)/^) I]|s|,|t|^p(4-S + 1) I]|r|,|ilsSB(2-S + 1) I]|rl + |=£P ^ 

" (25 + 1)3 + (25 + 1)3 + (25 + 1)3 + (25 + 1)3 

Letting 5 tend to infinity, we see that 

(47) Avg2(0, /?, Z) ^ M(0, /3) + 3, 

and the average number of integral points is bounded as claimed; here, M(^, /3) is the bound on 
(/3p) n Z) for all P e U{Z) obtained from (l43l) and dH Corollary 17]. □ 

Integral points in orbits over function fields and higher dimensions 

Since the techniques in this paper translate well to global function fields K/^qit), it is likely 
that many of our results hold in this setting, once one establishes a suitable version of Silverman’s 
finiteness theorem; see, for instance, |l9l|. In fact, there is even more hope of proving the zero- 
average statement in Theorem 13.11 unconditionally over function fields, since the linear height 
bound in Conjecture 13.II is known; see iflTlI^ . 
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Remark 4.1. Interestingly, the are many additional applieations of Conjeeture 13.11 to arithmetie 
dynamies, ineluding to problems in dynamieal Galois theory, i.e. the study of Galois groups of 
iterates of rational funetions, and to prime faetorization problems in orbits; see Il4l[5l0. 

This is not to say that the funetion field ease eomes without added eomplexity. Namely, one must 
often assume that ip e K{x) is non-isotrivial, meaning that we exelude funetions that are defined 
(after a ehange of variables) over the field of eonstants of K; see flU Definition 1]. Furthermore, 
it is not immediately obvious what type of subset (or subvariety) the set of isotrivial rationals 
maps IsoRatrf are inside Rat^. More pertinently, if is a eurve, ean we even eonstruet families 
(j) : X ^ Ratd whose images are non-isotrivial (and separable)? As motivation for future researeh, 
we we prove that Avg{(j), (3, S) = 0 for all non-isotrivial families (j) \ X ^ Rat^ aeting periodieally 
at infinity; see Theorem 14. 1 1 below. To do this, we fix some notation. 

Let K /¥q{t) be a finite extension eorresponding to a eurve with K = Fg(G), and let Ok be 
the integral elosure of Fq[t] in K. For all finite sets S of primes ideals q c we form the ring 
of 5'-integers as in the number field ease; see [|T^ and [[28l for introduetions to the arithmetie of 
funetion fields. The prime ideals of Ok eorrespond to a eomplete set of absolute values (satisfying 
the produet formula) Mk on K. In partieular, we may define the standard Weil height funetion 
hK : ^\K) ^ M^o for P = [;2o, e by 

(48) hK{P) ■■= 2 logmax{| 2 ;o|„, 

veMjc 

note that all absolute values on K are non-arehimedian, a key distinetion with that of number fields. 

Sinee Silverman’s finiteness theorem is not known in full generality over over funetion fields, 
we need some additional assumptions. To wit, for rational funetions p e K{x), define the set 

(49) Per^((^) := {P e F\K) \ p^{P) = P}, 

of points fixed by some iterate of p. Finally, sinee iterating inseparable maps (p' = 0) over fields 
of finite eharaeteristie ean add diffieulty llTTll . we define the separable degree ds{p) of p to be the 
separable degree of the extension K{x)/K{p). With these notions in plaee, we our ready to define 
the set of good speeializations (e.f Q) in a family (j) : X ^ Rat^ over K: 

(50) 

Ixp,ni := {P e a: I 0pis defined, (pp ^ IsoRat^, (pp ^ K[x], ds{(pp) ^ 2, oo e Per^(0p)}. 

In partieular, {0(f,p{b) n Ok,s) is finite for aWb e K and P e by (H Theorem 2(ii)]. 

Remark 4.2. Strietly speaking, the authors of [19]| do not state this eonelusion, sinee there they 
eonsider only funetion fields with algebraieally elosed ground fields, where the Northeott property 
fails. However, the finiteness of {0^p{b) n Ok,s) foxb e K and P e Ixp,m.{K) follows from the 
height bound in Theorem 2(ii)], followed by the existenee of a positive lower bound on 
the eanonieal height h^p (b) over all wandering points b e P^(iF); eompare to (O above. 

Theorem 4.1. Let K/¥q{t), let X/k be a curve, and let d ^ 2. If cp \ X ^ Rat^ and /5 : A —> 
are separable rational maps and 

2d — 1 

(51) deg(/?) > - —- • deg{(p*H), 

d — 1 

for the hyperplane class H e Pic(P^'^+^), then 

(52) |n I P e Ixp,m{K)) 0p(/3p) ^ Ok,s^ tind h^p{/3p) A 0} 
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is bounded. In particular, it follows that i^[0,pp{f3p) n Ok,s) Is uniformly bounded overall points 
P e Ix,(j>,m{K). Moreover, if X = and X{K) \ Ix,(j>,m{K) is finite, then 


(53) 


Avg{(j), fi, S) := limsup 

B —>00 


'^PeIx,.p,ra(B,K) i^{^<t>p(l^p) ^K,s) 


= 0 


Remark 4.3. Note that Theorem 14. 1 1 implies that Avg(0, /3, S') = 0 for all suitable constant families 
0 : P^ ^ Ratrf and all non-constant /3 : P^ —> P^; hence, we recover Theorem 1 1.21 in this setting. 


In particular, we may apply Theorem 14. II to the following explicit non-constant family. 


Corollary 4.1. Let K/¥q{t), let d ^ 2, and let 0 : P^ —> Rat^ be the rational map given by 


(54) 


0(/)(a;) = 


(/+!)• 

+ f 


for f e K. 


Then for all separable maps /3 : P^ ^ P^ satisfying deg(/3) > {2d — l)/{d — 1), the average 
(55) 


A- /J. Q C\ ^K,S) 

Avgif, 13, S) := hmsup-- = 0. 

B^oo fi{f e K\k \ h{f) si B} 


(Proof of Corollarv \4.1\) . Let k/¥q be the constant field of K. We show that /x, 0 ,i(iT) = X{K) \ 
P^(fc) and apply Theorem l4.1[ Note first that 0(/) fixes 0,1, oo for all / e if \ {—1}. In particular, 
we deduce from |l9l Proposition 12ii] that <?)/ is isotrivial if and only if f e k. Moreover, we 
compute the formal derivative 


(56) 


M'ix) 


{f + 1) ■ x'^ ^ • (x'^ + df ■ x) 
-f ffi 


and deduce that 0(/) is separable for all / A —1. Finally, we compute the second iterate 


(57) 


_ 9f{x) ^ _ (/ + !)• x'^' _ 

jf{x) (/ -1- 1)'^“^ • • (x^“^ + /) + /■ {x‘^~^ + fY 


and see that deg( 5 f/) = df and deg(j/) = — 1, whenever / A — 1. In particular, fYf) ^ K{x] 

implies that pf = jf ■ {ax + h) for some a, 6 e K. However, 5 ^/( 0 ) = 0 implies that / ■ 6 = 0. 
Suppose first that / AO. Then 6 = 0 implies that the linear term a ■ of j/(x) ■ ax must be 
zero. This forces a = 0, a contradiction. We conclude from (l56l) and (1571) that /(/) satisfies the 
hypothesis of Theorem 2(ii)] for all / e P^(if) \ F^{k). In particular, X{K) \ Ix,(i,,m{K) is 
finite and Avg(/, /7, S') = 0 by Theorem l4~n □ 


Remark 4.4. In fact, one can show that {0^i^f){h) n Ok,s) is finite for all / A 0,-1 and b e K. 
Hence, we could include /(/) for / e P^(A:) \ {0, —1, oo} in our average; see the full statement of 
im Theorem 12], in particular, the case when f ^ k. However, this would add only finitely many 
terms to the sum on (l53l) and would not affect the overall average. 


(Proof of Theorem \4.1il . We prove this result by applying the same techniques used in earlier the¬ 
orems. Firstly, the height bounds in Proposition 12.11 translate verbatim to the global function field 
case, as do the bounds in the proof of Theorem 11.11 when f : X ^ Rat^ and /3 : A ^ P^ are 
separable (after we extend f and (3 to morphisms from X to projective space). In particular, the 
degree condition deg(/9) > {2d — f)/{d — 1 ) ■ deg(/*i 72 ) implies the crucial lower bound 

h(j,p{f3p) ^ Hi ■ hx,i3*Hi{P) — H 2 , 


(58) 
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for all P e X{K) such that: (f)p is defined, ds{(j)p) ^ 2, and hx,i 3 *HiiP) > here ni, H 2 > and 
are positive eonstants and Hi and H 2 generate the hyperplane elass in Pic(P^) and 
respectively. In particular, the bound on (l58l) holds (and is positive) for all but finitely many 
P e X{K). Similarly, ([ 8 ]) implies that 

(59) h]p 2 d+i{(j)p) ^ hx,(j)*H 2 {P) + ^3 ^ ^4 • hxfi*Hi{P) + 

for all P e X{K) sueh that hx^p^nAP) ^ ^ 2 , where N 3 , ^ 4 , and 82 are positive eonstant. 

Now to bound integral points. Suppose that (f)p{l3p) e Ok,s for some n. Then for all points 
P ^ Ix,(f>,m{K), the linear (and effeetive) height bound in dH Theorem 2 ii] implies that either 
n ^ := min{3m, m + 4} or 

(60) hK{(pp{/3p)) ^ (T* ■ ■ ( 2 gc - 2 + 151) + C 2 ■ hp 2 d+i{(j)p)-, 

here K = Fg(C') for some eurve C/p, of genus gc, and ci and C 2 are absolute eonstants that depend 
on the inseparable degree of the extension K{(f)~''{(X)))/K. Most importantly, all of the eonstants 
on (l60l) are independent of the point P e Ix,cj),m{K)-, eompare to Conjeeture l3.ll 

Suppose that n > r. Then parts (2) and (3) of Proposition 12. II and the bounds on (1581) . (l59l) . and 
( 1 ^ imply that 

/ (^^4 ■ C 2 ) • hx,p*Hi{P) + [(P* ■ • (2gc - 2 + |5|) + ca • N 3 ) 

^ ^ " ^i-hx,p^HAP )-^^2 

for all P e X{K) sueh that hx,i 3 *Hi{P) ^ max{()i, 62 ] ■ We obtain the familiar estimate that cP is 
bounded by a linear fraetional transformation in the height hx,/ 3 * Hi{P)- In partieular, there exists 
an N{(l),f3,S) sueh that (l)p{(3p) e Ok,s implies that n < N{(j),l3,S) for all but finitely many 
P £ On the other hand, sinee {0<j)p{fdp) n Ok,s) is finite for all points P e Ix, 4 ,,m{K) 

by (H Theorem 2], we see that there is a maximum iterate that ean produee an 5-integral point for 
the finitely many exeeptional points: hx,i 3 *Hi{P) ^ max{ 5 i,h 2 } and h^p{j3p) i- 0. We deduce 
that 

(62) {n I P e Ix,(j>,m{K), (j)p{fdp) e Ok,s, and h^p{j3p) ¥= O} 

is bounded as elaimed. On the other hand, (l58l) implies that 

(63) := {P e Ix, 4 >AK) I V(/3p) = 0} 

is finite. Henee, it follows from (l^ and (l^ that # {O^p {/3p) n Ok,s) is uniformly bounded over 
allP £ Ix,<t>,m{K), sinee we may bound separately the number of 5-integral points in the orbits of 
P e and use (l^ for the wandering points. 

Finally, suppose that X = Then the density claim in Lemma [2^ whieh translates to global 
funetion fields, implies that Avg(0,/9, 5) = 0; here we use that Ix, 4 >.miH) and X{K) have the 
same number of points asymptotieally. □ 

Remark 4.5. Beeause of its independent interest, we note that over globals fields K and families 
(X, 5) as in Theorems 1 1.1 1 and l4. 1 [ the quantity 

(64) := inf [h^p{l3p) | P e X(X), (/)p is defined} 

is strietly positive whenever X{K) is infinite; eompare to (fT^ in the proof of Theorem 1 1.21 This 
follows from the height lower bounds on (fTOl) and (l58l) respeetively. In partieular, these families 
share many of the same dynamieal properties as constant families: cj) : X ^ Rat^ sueh that 
0P = (^ for all P e IxA^)- 
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As for future work in the number field case, there are several questions left to answer. First and 
foremost, one would like to prove Theorem 13.11 unconditionally. Similarly, since we know that 
/3, Z) is bounded in the 3-dimensional example in Theorem 13.21 it would be interesting to 
know if the average is zero in this particular family, as was the case in Theorems 1 1.2[ 12.1[ and l3.1[ 
To do this however, one would need a maximum iterate (3) producing an integral point (see 
Corollary 13. II) . as well as a suitable generalization of the density estimate in Lemma 1X21 

Furthermore, since the average in Theorem 13.21 makes sense for all rational specializations by 
Lemma [TTI we would like to remove the integrality assumption. As a first step, it is likely that the 
canonical height lower bound on (|4TI) holds for all r, s, f e Q which are coprime in a suitable sense, 
implying that we have a uniform bound on the number of integral points for a positive proportion 
of terms in the average, similar to the U (Z) case above. 

Likewise, it would be interesting to know if the techniques in this paper generalize to families of 
rational maps of higher dimensional projective space. Although work on integral points in orbits 
of rational maps 0 : is still in its infancy, there are scattered results, especially if one 

assumes the Vojta conjecture [|34ll . 

On the other hand, in a certain sense, studying families of rational maps of higher dimensional 
projective space is a more natural generalization of our work than that discussed in Section [3l For 
one, when A is a variety of dimension at least 2, the existence of a morphism /5 : X ^ P^ implies 
that X has Picard rank at least 2. In particular, X cannot be projective space. On the other hand, 
suppose that X has large dimension and let 

(65) Rat^ :={(/?: P*^ ^ P"' I deg((/7) = d, is morphism}. 

Then we have a much better chance of constructing morphisms 0 : X P*^ and rational maps 
(j) : X ^ Rat^ if we allow n to also be large. In particular, a first step would be to find conditions 
on deg{(3*Hi) and deg(^*iF 2 ) that imply a linear lower bound on h^p[j3p) as on (fTOl) . 

Finally, a natural place to try and generalize our results is to study families of morphisms of 
P^ X P^ of the form ((/?,</?), where the finiteness of integral points in orbits is known Q. 

Acknowledgements: It is a pleasure to thank Bjorn Poonen, Joseph Silverman, and Wei Pin 
Wong for the discussions related to the work in this paper. 
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